In this work, we study the dynamical robustness in a system consisting of both active and inactive oscillators. We analytically show that the dynamical robustness of such system is determined by the cross link density between active and inactive subpopulations, which depends on the specific process of inactivation. It is the multi-valued dependence of the cross link density on the control parameter, i.e., the ratio of inactive oscillators in the system, 
I. INTRODUCTION
Dynamical systems in nature and human labs usually comprise a large number of interacting individual elements, such as synchronizing fireflies 1 , neurons in human brain 2 , cardiac pacemaker cells 3 , power grids 4, 5 , and Josephson junction arrays 6 , just to name a few, which can be modeled by networked oscillators 7 . One important issue in the study of such dynamical systems is the robustness, i.e., the ability to maintain basic structure and function under attacks or disfunctions [8] [9] [10] [11] [12] . It has been shown that the huge blackouts, which inevitably cause tremendous economic loss, are related to the cascading failure of power-grids 8 . Such structure robustness involving network connectedness has been intensively investigated in previous works [8] [9] [10] .
On the other hand, networked systems typically carry dynamics, for example, the circadian rhythms of mammals, the synchronization of cardiac cells, and spatio-temporal patterns in brain 2, 3 . Of equal importance is the dynamical robustness, i.e., the ability of a networked system to maintain its normal dynamical activity when the topology or the local dynamics of network components are subjected to changes.
In Ref. 13 , Daido et al. investigated the dynamical robustness of a globally coupled system which simultaneously consists of active and inactive oscillators. With the increase of the ratio of inactive oscillators, the dynamical activity in the system decreases until finally it totally vanishes at certain critical point. Such phenomenon is termed as aging transition which characterizes the dynamical robustness of such networked systems 11, 13 . Recently, Tanaka et al. further studied this phenomenon in various complex network topologies 12 . Surprisingly, it is found that the low-degree nodes, rather than the hubs, play a dominant role in terms of dynamical robustness. This finding uncovered the great differences between dynamical robustness and structure robustness.
For such dynamical systems, we always expect the dynamical robustness of them could be controllable. While sometimes we wish a strong robust system to maintain its functionality when suffering attacks, sometimes we prefer a fragile system because it is harmful and we need to destroy it. Tanaka 
II. MODEL
In this work, we investigate a dynamical model of networked oscillators. It has following features: (1) the dynamical system is described by coupled oscillators; (2) there are two types of oscillators in the system, i.e., active and inactive, representing oscillating state and non-oscillating state, respectively; (3) the coupling among oscillators forms a complex network. The general form of this model can be written as:
Here, j = 1, · · · , N is the index of oscillator or node. x is the state vector describing the dynamics of oscillators. The first term at the RHS of Eq. (1) describes the local dynamics of an oscillator, and the second term is the diffusive coupling that denotes interactions among different oscillators. σ is the coupling strength. c jk is the element in the adjacent matrix of coupling network, which equals to 1 if nodes j and k are connected, and 0 otherwise. It should be pointed out that similar models have been studied previously. For example, aging transition in such models was investigated in fully coupled network in Ref. 13 , and later in regular ring topology in Refs 14, 17 . Recently, it has been extended to different complex topologies 11, 12 .
In the present work, we mainly choose the Stuart-Landau (SL) oscillators as the local dynamics. Specifically, the networked SL oscillators system can be described by the following coupled ODEs:
where z j and Ω j are the complex amplitude and the inherent frequency of the jth SL oscillator, respectively. α j is the control parameter denoting the distance from a Hopf bifurcation point.
When α j > 0, the oscillator is a limit cycle with an amplitude √ α j . However, it settles down to a fixed point when α j < 0. Thus generally the oscillator is active when α j > 0 and inactive when α j < 0. The oscillator will lose its activity as its α value converts from positive to negative. This can be used to model the two distinct dynamical states of oscillators. We define parameter ρ as the ratio of inactive oscillators in the network. Reasonably, the global activity of the networked system can be characterized by the normalized order parameter Q, defined as
As ρ increases to a critical value ρ c , the networked system will totally loses its global activity until Q = 0, i.e., an aging transition occurs 13 . Because the ratio ρ c is the largest ratio with which the dynamical system can maintain certain activity, it measures the dynamical robustness of this networked system. The larger the ρ c , the better the dynamical robustness.
For simplicity, we will not consider the case in which the frequencies of oscillators have a distribution. Throughout this paper, we set Besides SL oscillators, we also consider the following networked Rössler oscillators in this 
III. ANALYSIS AND RESULTS
Recently, in our study we find an interesting phenomenon, i.e., even for fixed network topol- shown that the oscillators inside either subpopulation achieve synchronization, but the whole system do not achieve global synchronization. Here, R A(I) =
A. Linear stability analysis
We start from Eq. (2). When ρ = 0, i.e., the system contains only identical active oscillators.
In this case, it will easily achieve global synchronization as the coupling strength increases.
When we randomly choose some nodes and change the oscillators into inactive states, i.e., the proportion of inactive nodes ρ > 0, the system simultaneously contains both active and inactive oscillators. Such a process is called random inactivation. Throughout this paper, it is adopted by default unless otherwise stated. Usually, the non-trivial aging transition would only occur when the coupling strength is large enough 13 , so before the transition all the active oscillators already well synchronize into a cluster, and so does the inactive oscillators. This has been numerically verified and one such example is illustrated in Fig. 4 . Although the synchronization is not rigorous, it is good enough for us to approximately reduce the high-dimensional system into two identical clusters of oscillators, denoted as S A and S I for active and inactive oscillators, respectively. We use A and I to represent the dynamics of active and inactive subpopulations, respectively, as treated in Ref. 13 . Then the dynamics of the networked system, i.e., Eq.
(2), can be written as:
Here, K j means the degree of oscillator j, and µ j is the proportion of inactive oscillator among the neighbors of oscillator j. Summing the equations of all active and inactive oscillators, we obtaiṅ
In the above equations, the summing terms at the RHS, i.e., To avoid the influence of network size, we define the density of cross links as
Eqs. (6) and (7) becomė
From these equations, we immediately find that the network topology actually affects the global dynamics through parameter λ. It is the cross link density between active and inactive subpopulations that plays a dominant role in this networked system. Now we analytically study how the dynamical robustness of such system can be affected by parameter λ. With the increase of control parameter ρ, the dynamics of the networked system will gradually lose global activity. This process can be characterized by Q → 0 when ρ → ρ c . At the transition point, the networked system loses its stability and in the mean time the trivial fixed point z 0 = (A, I) = (0, 0) becomes stable. By a linear stability analysis, we obtain the critical point ρ c as: As one application of the above theory, we now consider the case of targeted inactivation rather than random activation in network. In
Ref. 12 , It has been reported that under targeted inactivation the dynamical robustness of the system depends more on the low-degree nodes rather than the hubs. This important finding reveals the crucial role of the low-degree nodes in the context of dynamical robustness. Based on our analytical treatment, we can provide an explaination here. In our study, we apply three typical strategies of inactivation: (1) Inactivation goes from the node with the maximal degree to the one with the minimal degree;
(2) Inactivation takes the inverse order of (1) 
C. Random inactivation
In the above analysis, the only limitation for the network topology is that it should be dense enough so that the cross link density λ ≫ 1, and there is no requirement for the strategy of inactivation. Thus the above result holds for general inactivation processes. In fact, in our study, we find for typical random inactivation, Eqs. (8) and (9) can take another forms, and the theoretical treatment can be simplified.
We notice that in principle for different oscillator j, K j and µ j are not necessarily the same. However, they must satisfy the constraint j K j /N = K and j µ j /N = ρ over all the nodes when the mean degree of the network is fixed. Let µ j = ρ + ξ j , where ξ j is the deviation of µ j from its mean value. Normally, a node with larger degree K j would have smaller deviation. In a dense network, it is reasonable to expect that |ξ j | ∝ 1/K j and µ j distributes symmetrically around its mean value. For random inactivation, the active and inactive oscillators are mixed evenly. Thus the distributions of µ j in active and inactive subpopulations will approximately the same as in the whole system, i.e.,
we can approximately assume µ j = ρ for all j.
Then we have
Substitute these relations into Eqs. (8) and (9), we geṫ
where
K j are the mean degrees of active and inactive subpopulations, respectively. Similarly, by applying a linear stability analysis, we can analytically obtain the critical point ρ c as:
From this equation, we can immediately find that the dynamical robustness of the system are determined by the mean degrees of active and inactive subpopulations in the case of random inactivation. The point is, even though the mean degree of the whole network is fixed, there is still some degree of freedom for K A and K I as long as they satisfy the following constraint: circumstance, Eq. (15) degenerates as:
In strictly sense, this result only holds for absolutely homogeneous topologies, i.e., the regular networks. However, for random inactivation in very homogeneous network, the above conclusion can be expected to hold approximately.
In this case the critical point ρ c only involves the mean degree K and is almost independent with the strategy of inactivation. Interestingly, this coincides with one situation investigated in Ref. 12 , where Eq. (16) is derived by a different approach. Moreover, Eqs. (14) and (16) 15, 16 . Therefore, all these studies provides insights from different perspectives into the dynamical robustness of such networked system.
IV. CONCLUSION
In this work, we have studied the dynamical robustness in a networked system, in which both 
